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A B S T R A C T 
Motter et al. derived a real-valued master stability function which 
determines whether and to what degree a given power grid is 
asymptotically stable. Stright and Edrington adopted certain uniformity 
assumptions on a grid’s components and demonstrated how differences 
in topologies obtained using these components can affect the stabilities of 
the resulting grids. Building on this work, we show via simulations the 
physical significance of stability as opposed to instability. We show that 
for stable topologies, increased stability can correspond to decreased 
generator torque ripple. We also describe how some elementary changes 
in grid topology can affect stability values. Known stability values for 
certain abstract circulant grids are used to quantify stability 
enhancement as interconnection density increases.  
 
1. Introduction 
The steady-state stability of electric grids powered by synchronous generators was 
examined by Motter et al. [1] and subsequently by Stright and Edrington [2]. This work 
is briefly reviewed and then extended to include some interpretations and conjectures 
based on computer simulations.  
Graph theory is widely used to model electric power grids. An elementary but useful 
approach represents a grid as a connected graph with two kinds of nodes, synchronous 
generators and substations (or loads), and with edges corresponding to transmission or 
distribution lines [1]. As dynamic entities, grids are constantly subjected to disturbances 
to their steady-state performance, which can be regarded as maintaining a nearly 
constant grid frequency. These disturbances range from the normal addition and 
removal of various kinds of loads to malfunctions resulting from, for example, severe 
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weather conditions. Disturbances typically affect the rotational velocities of one or more 
generators, but these generators usually return quickly to their pre-disturbance rotational 
speeds. This is the defining characteristic of steady-state stability as it applies to power 
grids; it is what is meant by the ability of a grid to synchronize spontaneously.  
Edges of graphs which join generators will be shown particularly important in 
steady-state analyses of power grids. With appropriate uniformity assumptions, these 
edges form the “skeletons” of grids which survive the algebraic process of Kron 
reduction, a process that essentially condenses the dynamical interactions of generators 
and loads to interactions among “virtual” generators equal in number to the number of 
generators in the underlying grid.  
There is considerable diversity among components of all real-world grids. 
Synchronous generators vary widely in size, and loads and transmission lines vary 
widely in their impedance characteristics. Because of this diversity, it is difficult to gain 
fundamental understanding of the impact on steady-state stability of reconfigurations of 
a given set of grid components, say by replacing a transmission line between two 
generators with a transmission line joining two others. However, by adopting certain 
uniformity assumptions on grid components, it becomes possible to compare directly 
the relative stabilities of different grid configurations, i.e., of different grid topologies.  
An appropriate set of such assumptions will be presented, including assumptions on 
the nature and placement of loads. These assumptions will permit graphical 
representations of abstract grids consisting only of “virtual” generators. Different 
choices of edges joining these generators then determine different topologies, and the 
relative stabilities of these topologies will be compared. The uniformity assumptions, 
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while not applicable to any extant power grid, nevertheless provide a baseline for an 
understanding of how real grid topologies might influence grid steady-state stability.  
Special attention will be given to the least densely connected topologies, that is, to 
topologies represented by tree graphs. The influence of topological density on steady-
state stability will be examined via grids represented as regular circulant graphs. These 
grids can be parameterized to grow from sparsely to densely connected, and explicit 
stability values can be determined for all of them.  
 
2. Background 
 
Motter et al. derive a necessary and sufficient condition for a grid to be steady-state 
stable by first representing the grid as an admittance matrix [1]. If the grid has 𝑛 
generators and 𝑚 loads with the 𝑛 generators indexed first, this is an (n+m) × (n+m) 
matrix they denote 𝒀𝟎. Its entries are linear combinations of various admittances 
associated with the grid [3]. Kron reduction then replaces this matrix with an n × n 
matrix Y whose complex-valued off-diagonal elements 𝑌𝑟𝑠 = 𝐺𝑟𝑠 + 𝑗𝐵𝑟𝑠 can be 
regarded as encapsulating the essence of the grid’s dynamics via connections among the 
grid’s 𝑛 generators. For all 𝑖 = 1,… , 𝑛, the internal voltage magnitude of the 𝑖𝑡ℎ 
generator is denoted 𝐸𝑖, its inertia constant 𝐻𝑖, its steady-state rotational phase 𝛿𝑖
∗, and 
its steady-state angular velocity 𝜔𝑖
∗. The grid’s reference frequency is denoted 𝜔𝑅. They 
assume the 𝑛 generators are operating at steady-state pairs of values (𝛿𝑖
∗, 𝜔𝑖
∗). They 
regard these 𝑛 pairs as an equilibrium point in ℝ2𝑛 and linearize the swing equation 
about that point, thereby obtaining an  n × n coupling matrix denoted 𝑷. The (𝑖, 𝑗)𝑡ℎ 
element of 𝑷 is given by  
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𝑃𝑖𝑗 =
{
 
 
 
 
𝜔𝑅𝐸𝑖𝐸𝑗
2𝐻𝑖
(𝐺𝑖𝑗𝑠𝑖𝑛 𝛿𝑖𝑗
∗ − 𝐵𝑖𝑗𝑐𝑜𝑠 𝛿𝑖𝑗
∗ ) , 𝑖 ≠ 𝑗
                   −∑𝑃𝑖𝑘 ,
𝑘≠𝑖
                           𝑖 = 𝑗
 (1) 
 
where 𝛿𝑖𝑗
∗ = 𝛿𝑖
∗ − 𝛿𝑗
∗. 
 Since each diagonal element 𝑃𝑖𝑖 of 𝑷 is the negative of the sum of the off-diagonal 
elements in the same row, 𝑷 has an eigenvector of all ones corresponding to a zero 
eigenvalue. However, because the underlying grid is assumed connected, 𝑷 has only 
one zero eigenvalue [4]. A uniformity assumption that will henceforth be applied is that 
all generators are identical. In particular, all generators have the same rotational phase 
so in (1) all 𝛿𝑖𝑗
∗ = 0. Indeed, with this uniformity assumption, 𝑷 is a real symmetric 
matrix and therefore has 𝑛 real eigenvalues. These are denoted 𝛼1, 𝛼2, … , 𝛼𝑛 with 𝛼1 
being the zero eigenvalue and the remaining eigenvalues arranged in nondecreasing 
order 𝛼2 ≤ 𝛼3 ≤ ⋯ ≤ 𝛼𝑛. The smallest nonzero eigenvalue is thus 𝛼2, which Motter et 
al. refer to as the grid’s stability value. They demonstrate that 𝛼2 determines whether 
the grid is steady-state stable. If 𝛼2 < 0 the grid is unstable, but if 𝛼2 > 0 the grid is 
stable.  
 The next section will derive the coupling matrix 𝑷 from an admittance matrix 𝒀𝟎 
corresponding to a small grid. It will be seen that the shunt admittances associated with 
each of the two generators represented in 𝒀𝟎 are not represented in 𝑷, meaning that 
shunt admittances are irrelevant to the grid’s steady-state stability. This is true in 
general, as may be seen by the effect of Kron reduction on admittance matrices. Kron 
reduction is often described as an iterative process, basically eliminating one load at 
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each step, but it can also be accomplished more succinctly via Schur complementation 
[5,6]. Suppose 𝒀𝟎 is represented as 
 
 𝒀0 = [
𝑨 𝑩
𝑪 𝑫
] (2) 
 
where 𝑨 is an 𝑛 × 𝑛 matrix determined by the 𝑛 generators and 𝑫 is an 𝑚×𝑚 matrix 
determined by the 𝑚 loads. Schur complementation yields the Kron-reduced matrix 
 
 𝒀 = 𝑨 − 𝑩𝑫−1𝑪. (3) 
 
Shunt admittances apply only to individual generators, so they do not appear at all in the 
matrix 𝑩𝑫−1𝑪. They do appear in the diagonal entries of 𝑨, but not in its off-diagonal 
entries, so only the diagonal entries of 𝒀 are affected by shunt admittances. But no 
diagonal entry of 𝒀 is represented in (1), so shunt admittances have no influence on 𝑷. 
 Classical Kron reduction can actually be regarded as iterated Schur 
complementation [6]. Iterative calculation of the right side of (3), with 𝑫 a singleton at 
each step, will also yield the matrix 𝒀.  
Regardless of how Y and then P are obtained, with the stated assumptions P is a real 
symmetric matrix. So, too, are the Laplacian matrices associated with all undirected 
simple graphs [4]. The smallest nonzero eigenvalue of a graph’s Laplacian matrix is 
known as the graph’s algebraic connectivity [7]. Algebraic connectivities of graphs have 
been studied extensively in several engineering contexts [8,9]. 
 
3. An example grid 
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The process of determining a stability value 𝛼2 will be illustrated for a small grid 
whose admittance diagram is depicted in Fig. 1. Nodes 1 and 2 represent identical 
generators and node 3 is a load. The conductances of the depicted admittances 𝑌0𝑎, 𝑌0𝑏, 
and 𝑌𝑟𝑠 will be considered negligible and the negatives of their respective susceptances 
will be denoted 𝑘𝑎, 𝑘𝑏, and 𝑘𝑟𝑠. The admittance matrix corresponding to Fig. 1 can then 
be written 
  
 
[
−(𝑘𝑎 + 𝑘12 + 𝑘13)𝑗 𝑘12𝑗 𝑘13𝑗
𝑘12𝑗 −(𝑘𝑏 + 𝑘12 + 𝑘23)𝑗 𝑘23𝑗
𝑘13𝑗 𝑘23𝑗 −(𝑘13 + 𝑘23)𝑗
] (4) 
 
where 𝑗 = √−1 . 
 If 𝑘13 ≠ −𝑘23, the Kron-reduced form of this matrix is  
 
 
𝒀 = 𝑗 [
−𝑘𝑎 − 𝑘12 − 𝑘13 +
𝑘13
2
𝑘13+𝑘23
𝑘12 +
𝑘13𝑘23
𝑘13+𝑘23
𝑘12 +
𝑘13𝑘23
𝑘13+𝑘23
−𝑘𝑏 − 𝑘12 − 𝑘23 +
𝑘23
2
𝑘13+𝑘23
]. (5) 
 
The off-diagonal entries of this symmetric matrix Y are 
 
𝑌12 = 𝑌21 = 𝐺12 + 𝑗𝐵12 = 0 + 𝑗 (𝑘12 +
𝑘13𝑘23
𝑘13 + 𝑘23
) (6) 
 
so 𝐵12 = 𝑘12 + 𝑘13𝑘23/(𝑘13 + 𝑘23). 
 
With both generators identical, the term 𝜔𝑅𝐸𝑖𝐸𝑗/2𝐻𝑖 in (1) is a constant that will be 
assumed one. This allows 𝑷 to be written  
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𝑷 = [
𝑃11 𝑃12
𝑃21 𝑃22
] = [
𝐵12 −𝐵12
−𝐵12 𝐵12
] (7) 
 
which has eigenvalues  
 𝛼2 = 2𝐵12 = 2(𝑘12 +
𝑘13𝑘23
𝑘13+𝑘23
). (8) 
 
 Now suppose 𝑘12 > 0, 𝑘23 > 0, and −𝑘12𝑘23 < 𝑘13(𝑘12 + 𝑘23) < 0, where each 
𝑘𝑟𝑠 corresponds to an edge between nodes 𝑟 and 𝑠 in Fig. 1. With all edges present, and 
even with the edge between nodes 1 and 3 eliminated by setting 𝑘13 = 0, substitution 
into (8) reveals that  𝛼2 > 0, corresponding to stable topologies. However, setting only 
𝑘12 = 0 gives 𝛼2 < 0, indicating an unstable topology. These grids’ topologies and 
their corresponding stabilities are illustrated in Fig. 2.  
These stability responses were obtained via simulation with MATLAB’s  
SimPowerSystems, using a modified version of the file model6_1.slx provided in Viktor 
Perelmuter’s book on electrotechnical systems [10]. Perelmuter presented this two-
generator, one-load model to illustrate the use of the Simplified Synchronous Machine 
block provided by SimPowerSystems. This block allows convenient access to many 
synchronous generator parameters, including rotor angle velocity, and although it is not 
the most general synchronous generator model available in SimPowerSystems, it was 
adequate for the purposes of this research. Simulations with stop times of 13 seconds 
were performed for each topology in Fig. 2. A short-duration large resistive load 
(introduced for the interval from 3 to 3.1 seconds during the simulations) was added to 
the edge joining nodes 2 and 3 to compare the relative steady-state stabilities of the 
three topologies. With appropriate values for the parameters 𝑘𝑟𝑠, damped sinusoidal 
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responses after 3.1 seconds were observed for all rotor angle velocities except in the 
case of the unstable topology, as illustrated in Fig. 2.  
The next section will reveal (as a special case) that if all three of k12, k23, and k13 are 
equal and positive then every connected topology corresponding to Fig. 1 is stable.  
 
4. Grids having identical admittances 
 
Consider the case where all grid admittances (except possibly shunt admittances) 
have the same nonzero value A and all shunt admittances have the same value εA where 
𝜀 > 0. Let 𝑣 = 𝑛 +𝑚 denote the total number of vertices in the grid (ignoring the 
reference node). As before, assume all n generator nodes appear first in the node 
numbering scheme. Generalizing the notation of (4), each row i of the symmetric v x v 
admittance matrix Y0 has the form 
 
−𝑘𝑖1𝐴  − 𝑘𝑖2𝐴   ⋯   (𝜀𝑖 +∑𝑘𝑖𝑙
𝑣
𝑙=1
𝑙≠𝑖
)𝐴 ≜ 𝑘𝑖𝑖𝐴   ⋯  − 𝑘𝑖𝑣𝐴 
(9) 
 
where 𝜀𝑖 = 𝜀 if 1 ≤ 𝑖 ≤ 𝑛 but 𝜀𝑖 = 0 if 𝑛 + 1 ≤ 𝑖 ≤ 𝑣, and where each kil, 𝑙 ≠ 𝑖, is 
either 1 (if an edge joins nodes i and l) or 0 (if no edge joins nodes i and l). Because the 
grid is assumed connected there is a path between every two nodes. In particular the ith 
node is connected to at least one other node so 𝑌0𝑖𝑖 is a positive multiple of A. By (9), 
this means that 𝒀0 is a diagonally dominant matrix [11]. Physical considerations permit 
the assumption that the matrix equation 𝑰 = 𝒀𝟎𝑽 has a unique solution, i.e., that Y0 is 
invertible. It can be shown, making extensive use of Schur complementation, that Kron 
reduction preserves five properties of Y0 : its symmetry; its invertibility; its property of 
having nonpositive off-diagonal coefficients of A; its property of having diagonal entry 
coefficients of A no less than the negative of the sum of all off-diagonal coefficients in 
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the same row; and its property of having diagonal entries which are positive multiples of 
A [2]. It follows that the Kron reduced matrix 𝒀 is itself diagonally dominant. 
 With the additional assumption that 𝐴 represents a pure susceptance, 𝐴 = 𝑐𝑗 for 
some nonzero real number 𝑐, where 𝐴 denotes a pure inductance if 𝑐 < 0 and a pure 
capacitance if 𝑐 > 0. Together with the other assumptions presented in Section 3, this 
allows each 𝑖𝑡ℎ row of the coupling matrix 𝑷 to be written 
 
𝑘𝑖1𝑐    𝑘𝑖2𝑐   ⋯  −∑𝑘𝑖𝑙
𝑛
𝑙=1
𝑙≠𝑖
𝑐 = 𝑃𝑖𝑖    ⋯    𝑘𝑖𝑛𝑐 (10) 
 
where now all 𝑘𝑖𝑙 ≥ 0 with at least one 𝑘𝑖𝑙 > 0. Thus 𝑃, too, is a diagonally dominant 
matrix. The Gersgorin disc theorem [11] can be invoked to show that if 𝑐 < 0 then the 
underlying grid is stable but if 𝑐 > 0 it is unstable.  
 This means that if all possible edges among grid components have the same purely 
inductive value, the relative stabilities of topologies formed by selective exclusion of 
edges can be directly compared. Some interesting examples of such topologies are 
considered next.  
5. Analysis of stable topologies  
 As explained earlier, a grid’s stability value is determined by an 𝑛 × 𝑛 coupling 
matrix 𝑷 which represents a “condensed” grid of 𝑛 “virtual” generators. Regardless of 
the number 𝑚 of loads in a grid, its stability value is derived from a “virtual” grid 
having only 𝑛 generators. To facilitate direct comparisons among grid topologies, a grid 
loading condition was derived which ensures that the loads in compared grid 
configurations have the same influence on grid stability, regardless of how the original 
grid generators are interconnected. 
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 Of course, if a grid has no loads, its admittance matrix and its reduced admittance 
matrix are identical. Studying the block matrix form of an admittance matrix can reveal 
other ways in which certain grid loading structures can prevent the Kron reduction in (3) 
from reconfiguring an initial set of generator interconnections. Consider, for example, a 
grid in which each generator is connected to a load uniquely its own (and to no other 
load). Suppose all grid admittances have value −𝑗. Assuming again that all n generator 
nodes appear first in a grid’s node numbering scheme, and now that the n loads are 
numbered in the same order as their corresponding generators, the block form (2) of the 
grid’s admittance matrix is  
 
𝒀0 = [
𝑨 𝑗𝑰
𝑗𝑰 −𝑗𝑰
] (11) 
 
(where A and I are 𝑛 × 𝑛) and its reduced matrix has the form 
 𝒀 = 𝑨 − (𝑗𝑰)(−𝑗𝑰)−1(𝑗𝑰) = 𝑨 + 𝑗𝑰 . (12) 
 
This type of grid loading therefore has no influence due to Kron reduction on the 
intergenerator edge weights represented by the matrix A (i.e., on the off-diagonal 
elements of 𝑨). Therefore the coupling matrices for 𝒀 and 𝑨 are identical, so the loads 
can be ignored for purposes of stability analysis. Furthermore, the values 𝐺𝑖𝑗 and 𝐵𝑖𝑗 in 
(1) are common to both 𝒀 and 𝒀0. 
 Assuming any such loading condition, or any condition of unloaded or very lightly 
loaded generators, it becomes possible to depict grids and families of grids directly in 
Kron-reduced form, i.e., as connected generators only. This allows the use of a three-
step process for mapping all possible connected grid topologies on a set of 𝑛 generators 
into positive real numbers 𝛼2, as illustrated in Fig. 3 for the case 𝑛 = 3 and a complete  
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topology. With these assumptions, the analysis of grid stability reduces to the analysis 
of connected graphs. 
 That being the case, a bit of terminology is in order [4]. A graph consists of a set of 
nodes and a set of edges, where an edge is an unordered pair of distinct nodes. Only 
graphs that have no loops or multiple edges (aka simple graphs) will be examined. If 
nodes 𝑥 and 𝑦 determine an edge, these nodes are said to be adjacent. A node is incident 
with an edge if it is one of the two nodes that define the edge. The degree of a node is 
the number of edges incident with it. If all nodes in a graph have the same degree, the 
graph is said to be regular. A path of length 𝑙 from node 𝑥 to node 𝑦 in a graph is a 
sequence of 𝑙 + 1 distinct nodes starting with 𝑥 and ending with 𝑦 such that consecutive 
nodes are adjacent. A graph is connected if there is a path between each pair of its 
nodes. Only connected graphs will be examined.  
 The physical meaning of the derived stability values depends on many factors, not 
least of which is the rather ambiguous notion of “small disturbance” in the definition of 
steady-state stability. One possible interpretation of the stability values 𝛼2 can be 
obtained by simulating a simple grid consisting of only two connected generators. Using 
SimPowerSystems and the same Simplified Synchronous Machine blocks described in 
conjunction with Fig. 2, but now with only the single edge between generators, 
simulations were performed using increasing magnitudes of inductive susceptance for 
that edge. Fig. 4 through Fig. 6 illustrate the changes in per-unit value of the rotor 
velocities of both generators as magnitudes of the inductive susceptances increased. 
Recalling that rotor angle acceleration is the derivative of rotor angle velocity, it can be  
seen that angle accelerations become smoother as stability values 𝛼2 increase. Rotor 
torque is directly proportional to rotor angle acceleration, so at least in this simple 
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example, increasing stability values correspond to decreasing torque ripple. This is 
desirable not only for synchronous generators themselves but potentially for rotating 
machines throughout a grid [12]. 
 Fig. 4 through Fig. 6 depict the effect on stability values of varying a connection’s 
susceptance, but for purposes of comparing the relative stabilities of connected 
topologies all connections will be assumed to have identical inductive susceptances. In 
graph-theoretic terms, the most elementary connected topologies are trees, which in the 
present context connect all 𝑛 virtual generators with a minimal number 𝑛 − 1 of edges 
[4]. Some examples of trees having seven nodes are illustrated in Fig. 7.  
 The relative stabilities of grids corresponding to various types of trees were 
determined and compared. In graph theory, the distance between two nodes is the length 
of the shortest path between them, i.e., the minimum number of “hops” needed to reach 
one from the other. The diameter of a graph is the maximum distance between any two 
nodes. For example, the “star” graph in the middle of Fig. 7 has diameter 2, the smallest 
diameter of the three depicted graphs. Regarding the graphs of Fig. 7 as power grids 
with the assumptions previously discussed, the star grid also has the highest stability 
value; the grid on the left has the lowest. All experimentation performed to date 
suggests the conjecture that for any tree grid with a fixed number of nodes, grid stability 
increases as grid diameter decreases. This suggests a technique for finding a most stable 
way of joining any two tree grids with a single edge (thereby creating a single larger 
tree grid). For example, Fig. 8 illustrates that connecting the two central nodes of grids 1 
and 2 yields a more stable grid than does connecting any other two nodes from these 
two grids. The addition of any other single edge between the two grids results in a tree 
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having a larger diameter than the tree with connected central nodes (which has diameter 
3), and true to the conjecture it also results in a tree having a lower stability value. 
 A corollary to this conjecture is that of all tree grids having three or more nodes, a 
star topology (with diameter two and stability value one) is the most stable, since every 
tree with three or more nodes necessarily has a diameter of at least two. 
 Tree grids have no redundant edges. Adding any edge to a tree necessarily creates a 
cycle within the resultant graph; that is, a closed path with distinct edges and nodes. The 
number of “hops” needed to follow the closed path from any initial node back to itself is 
the length of the cycle. All tree grids examined thus far suggest another conjecture, that 
in any tree grid with three or more nodes the addition of an edge which yields a cycle of 
longer length results in a more stable grid than does the addition of an edge which yields 
a cycle of shorter length. For example, the addition of the long, dotted edge in Fig. 9 
(which creates a cycle of length 5) yields a grid with a higher stability value than the 
addition of the shorter dashed edge (which creates a cycle of length 3).  
 The relevance of several graph-theoretic properties to power grid structure has been 
extensively investigated by many researchers [13]. Properties other than diameter and 
cycle length include degree distribution, betweenness distribution, characteristic path 
length, and clustering coefficient. Certain families of graphs, much more richly 
interconnected than trees, may be particularly helpful in revealing the influence of such 
properties on grid steady-state stability. They can also reveal how stability can increase 
as a function of richness of interconnection. For example, families of regular circulant 
graphs can be constructed for any fixed odd integer 𝑛 ≥ 3 of nodes; such a family is 
illustrated for the case 𝑛 = 7 in Fig. 10. Circulant graphs having 𝑛 nodes are defined 
using modulo 𝑛 arithmetic, and regular circulant graphs representing grids can be so 
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defined for any odd number 𝑛 ≥ 3 [4]. For the case 𝑛 = 7, as illustrated in Fig.10, the 
nodes are numbered 0 through 6 and arranged clockwise on the circumference of a 
circle. This numbering makes it possible to use modulo 7 arithmetic to describe whether 
an edge exists between any two nodes [2]. For odd 𝑛 ≥ 3, it is also possible to describe 
how families of regular circulant graphs with 𝑛 nodes can be constructed in terms of the 
number of “hops” between nodes along the circle’s circumference. The least densely 
interconnected regular circulant graph has degree 2, and each node is adjacent only to 
the 2 nodes reachable by taking one hop clockwise or counterclockwise. Permitting 
either one or two hops in either direction yields a regular circulant graph of degree 4, 
and in general, permitting as many as 𝑘 hops yields a regular circulant graph of degree 
2𝑘. This process can continue until 𝑘 = (𝑛 − 1)/2, at which point every two nodes are 
adjacent (in which case the graph is said to be complete). In Fig. 10, (𝑛 − 1) 2 = 3⁄ , so 
the family of regular circulant graphs on 7 nodes has the 3 members illustrated.  
 The stability values of the grids represented by these graphs can be determined 
explicitly [14] and plotted as a function of both number of nodes n and degree 2k. Such 
a plot is shown in Fig. 11 for odd integers 𝑛, 3 ≤ 𝑛 ≤ 19. For each n, stabilities 𝛼2 are 
shown for degrees 2k, 1 ≤ 𝑘 ≤ (𝑛 − 1)/2. Notice that for each n, stability invariably 
increases with increasing degree, attaining its maximum value when the grid under 
consideration is represented by a complete graph. The stabilities of ring grids, i.e., grids 
represented by regular circulant graphs of degree 2, decrease as the number of nodes in 
the ring increases. The stabilities of complete grids appear along the diagonal in Fig. 11. 
The stability value of a complete grid is the same as the number of nodes in the graph. 
This fact, and the preceding assertions, can be obtained directly from the functional 
form of the stability values 𝛼2. Specifically, 
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𝛼2 = (2𝑘 + 1) −
sin[(2𝑘 + 1)𝜋/𝑛]
sin(𝜋 𝑛⁄ )
 (13) 
 
for all permissible values of 𝑛 and 𝑘. For a ring grid (𝑘 = 1), trigonometric identities 
yield 𝛼2 = 2 − 2cos(2𝜋 𝑛⁄ ), which explains why stability values of ring grids tend to 
zero for large 𝑛. In general, though, stability values depend on a quotient of sine 
functions. MATLAB provides a “fit” function that can be used to fit various types of 
familiar surfaces to discrete data plots such as those in Fig. 11. Fig. 12 illustrates the 
result of fitting a quadratic surface to the data of Fig. 11; the quadratic fit, while not 
perfect, was better than any exponential fit attempted. This suggests that at least for 
some regular grids, stability increases approximately quadratically with degree, i.e., 
with richness of interconnection.  
 Regular circulant graphs also facilitate the study of how graph theoretic properties 
other than average degree can affect grid stability. Two such properties, characteristic 
path length and clustering coefficient, were examined in [2].  
6. Conclusion 
 At least one dynamic property of idealized uniform synchronous electric power 
grids, steady-state stability, can be analyzed using the algebraic connectivity values of 
their associated graphs. Although these values are difficult to determine for most 
topologies, analysis of topologies for which they can be determined suggest some 
interesting possible relationships between idealized grids and real-world grids.  
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Figures 
 
 
 
Fig. 1. Example Admittance Diagram 
 
 
 
 
 
Fig. 2. Stability of Selected Topologies 
 
 
 
 
 
 
Fig. 3. Mapping grid topologies to stability values 𝛼2 
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Fig. 4. Rotor angle velocities, 𝛼2 = 0.0532  
 
 
 
 
 
 
Fig. 5. Rotor angle velocities, 𝛼2 = 0.264 
 
 
 
 
 
 
Fig. 6. Rotor angle velocities, 𝛼2 = 5.3 
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Fig. 7. Some trees having seven nodes 
 
 
 
 
 
 
 
Fig. 8. Edge that minimizes diameter, maximizes stability 
 
 
 
 
 
 
 
Fig. 9. Stability depends on cycle length 
 
 
 
 
 
 
 
Fig. 10. A family of 7-node regular circulant grids 
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Fig. 11. Stability values of regular circulant grids 
 
 
 
Fig. 12. A quadratic fit of regular circulant grid stability 
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